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a b s t r a c t
Sloshing occurs when a partially filled tank is subject to external excitation. If the excitation frequency is equal to half of the second-order natural frequency obtained from the linear theory, then second-order resonance may occur. But it gradually modifies to standing waves. Moreover, violent second-order resonant free surface motions may be induced when the sum (or difference) of the excitation frequency and any one of the natural frequencies is equal to another natural frequency. In this study, fully non-linear second-order resonance waves in a three-dimensional shallow water rectangular tank are simulated using a pseudospectral -transformation model. The model is validated against results from three benchmark tests for which there are published analytical and numerical solutions available. A detailed analysis is presented of sloshing in a shallow water tank, with the main excitation and response frequencies identified from the power spectra. Large amplitude free surface motions are observed whenever secondorder resonance occurs. In certain cases, the wave pattern in the tank is different to that predicted from linear analysis of second-order resonance, due to the effect of nonlinearity. Results are presented from a parameter study examining the influences of water depth, base aspect ratio, and excitation amplitude on the wave motions and patterns. It is found that the wave pattern is highly dependent on the water depth in the tank, but relatively insensitive to excitation amplitude. Also, the decay patterns are seen when the second-order resonance excitations are applied vertically. The study demonstrates that second-order resonance can be very pronounced in shallow water.
© 2012 Elsevier Ltd. All rights reserved.
Introduction

21
Any container that is partially filled with liquid can be suscep- to transport (i.e. by ship) or natural disturbance (e.g. earthquake).
26
In cases where the frequency of the external forcing is close to 27 one of the natural frequencies of motion of the liquid in the con-28 tainer, resonance free surface motions can then occur leading to 29 greatly increased structural loading, which in turn may damage 30 the tank walls. Ibrahim [1] and Faltinsen and Timokha [2] provide 31 comprehensive reviews on the physics of liquid sloshing.
32
Many previous studies (see e.g. Faltinsen [3] , Wu et al. [4] and 33 Chern et al. [5] ) focused on resonant sloshing at the first-order 34 * Corresponding author at: Department of Mechanical Engineering, National 
Q2
89 ∂ 2 ϕ ∂x 2 + ∂ 2 ϕ ∂y 2 + ∂ 2 ϕ ∂z 2 = 0,(1)
90
For there to be no flow through the lateral walls and bed of the tank 91 and therefore the normal velocity components are set to zero, we 92 require:
94 ∂ϕ ∂y = 0 at y = 0 and y = b, 
97
It means that the flow can slip but cannot penetrate to the wall. Let 98 the excitation displacements of the tank be:
100
where A is an amplitude, t is time and ω is the excitation frequency,
101
and the subscripts x, y and z refer to surge, sway and heave, respec- Using linear theory, the natural frequencies of sloshing in a rect-105 angular tank may be expressed (see e.g. Faltinsen [3] and Wu et al.
106
[4]):
109 in which g is the acceleration due to gravity. The non-linear 110 dynamic free surface boundary condition is:
113 and the non-linear kinematic free surface boundary condition is:
115
where Á is the free surface elevation above mean water level (see by: transformation is expressed as:
135 2 a
The boundary conditions, Eqs. (2)- (4), (7) and (8) , are transformed 155 in a similar fashion (see e.g. Chern et al. [19] ). tised equations are given by Chern et al. [19] .
167
The numerical solver is implemented as follows. First, an initial (6)).
195
For ω x = 0.9999ω 20 , the wave train is irregular and decays grad-196 ually (Fig. 3) . Although the first natural frequency dominates,
197
there is a significant contribution at the second harmonic, and [19] .
ARTICLE IN PRESS
229
These results confirm the importance of second-order reso- 
Influence of water depth
247
It is well established that second-order resonant sloshing is 248 dependent on the ratio of still water depth to length of tank. Wu [6] 249 noted that certain occurrences of second-order resonance are valid 250 only for extremely shallow water depths. Using power spectral 251 analysis, Chen and Wu [20] concluded that secondary resonance 
Vertical excitation
330
In this section the forced sloshing of liquid in a 3D tank sub- ing frequency equal to half the second-order natural frequency.
363
Under these conditions, resonance occurs only in shallow water for 
